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Abstract. In [G2, P3|] and [G4| two completely different constructions 



of single valued Grassmannian trilogarithms were given. The construction 



of |G4] is very simple and provides Grassmannian n- logarithms for all n. 



However its motivic nature is hidden. The construction in |G2, G3] is very 
explicit and motivic, but its generalization for n > 4 is not known. 

In this paper we will compute explicitly the Grassmannian trilogarithm 
constructed in |G4|| and prove that it differs from the motivic Grassmannian 
trilogarithm by an explicitly given product of logarithms. We also derive 
some general results about the Grassmannian polylogarithms. 



1 Introduction 

1.1 The Grassmannian n-logarithm 

Let Vm be an m-dimensional vector space over an arbitrary field F with 
a given basis eo, • • • ,em-i- Let {zi} be the coordinate system in Vm dual 
to the basis {cj} and Gp the Grassmannian of p-dimensional subspaces in 
generic position with respect to the coordinate hyperplanes in Vp+q. The 
intersection of a hyperplane with the coordinate plane = provides a 



map Oj : Gp — > Gp_^. The collection of the maps {aj} provides a truncated 
semisimplicial variety over Z 



G^—^ Gl-i ^ ■■■ ^ Gl (1) 

where sits in degree 2n — k. Notice that G" = (Gm)""- Indeed, it 

consists of the one dimensional subspaces in Vn+i which do not lie in the 
hyperplanes zq = 0, Zn = 0- So zi/zq, . . . , Zn/zo are natural coordinates 
on G^. 



In |G4] we constructed a collection of ]R(n — 1) = (27ri)"~-^]R-valued 
differential /c- forms on the complex Grassmannians G'^_i^{C) satisfying 
the cocycle condition 



2n-fc-l 



'^4n= E (-l)X^fc+i;n -l<k<n-2 



i=0 

and such that 



'^^n-i;n(^o, ■ ■ ■ , K) = -7r„ (d log(zi/zo ) A • • • A d log(z„/zo)) (3) 
where hi = {zi = 0} and for any real numbers a and b 



a n odd 

6z n even. 



A collection of forms as above is called (a single valued) Grassmannian 
n-logarithm. Its existence was conjectured in p3MS| (compare with [ GGL(| ). 
The function is called the Grassmannian n-logarithm function and usu- 
ally denoted by C^. 

Remark. The condition (^) for A; = — 1 is the (2n -|- l)-term functional 
equation for the Grassmannian n-logarithm function: 

2n 

Y,{-^y<ci^ = (4) 

There are two other versions of the Grassmannian polylogarithms: the 
real Grassmannian poly logarithm function in |GM], on G'^{U.), and the 



multivalued complex analytic Grassmannian polylogarithms on G^(C) in 
[ HMl , HM2j| . In general the real Grassmannian polylogarithm is expected 



to live on G^"(M); it should be responsible for the combinatorial Pontrya- 
gin classes, see [GGL] and [You]. We will not discuss them in our paper. 
The motivic construction of Grassmannian polylogarithms should in partic- 
ular provide a coherent construction of all the three types of Grassmannian 
polylogs, as well as their etale, p-adic, etc. analogs. 

The coinvariants of the natural action of the group GJ-i{Vm) on the set 
of all n-tuples of vectors in Vn are called the configurations of n vectors 
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in Vm- The configuration spaces of m vectors in two vector spaces of the 
same dimension are canonically isomorphic. So we only need to specify the 
dimension of the vector space when talking about configuration of vectors. 
We denote by Cm (14), or simply Cm(n), the space of configurations of m + 1 
vectors in generic position in Vn. Then there are the following canonical 
isomorphisms 



(5) 



Namely, restricting the coordinate functions Zi to a subspace W G Gp we 
get a configuration of vectors zq, . . . , Zp^g^i E W*. Projecting the vectors 
Ci onto Vpj^q/W we get the second isomorphism. 

1.2 Construction of the Grassmannian polylogarithms 



First we need the following construction. Let X be a variety over C and 
/o, . . . , fn-i be n complex- valued functions on X{C). We attach to the above 
data the following singular R(n — l)-valued differential (n — l)-form: 



rnifl,---,fn) ■■= -Alt„ < 



2k+l 



^Ck,n^og\fi\ /\ dlog\fj\ /\ diargfj 

k>0 3=2 j=2k+2 



(6) 



where Ck,n ■= (2^+1)/"'' 

Alt„F(xi,...,j;„) := ^ sgn(cr)F(x^(i), . . . , 

The choice of the coefficients is dictated by the following property: 

drnifl, ...,fn) = -VTn (d log /i A • • • A dlog /„) (7) 

Let Iq, . . . ,l2n-k-i be vectors in generic position in a complex vector 
space V*_i^. For 1 < i < 2n — A: — 1 set /j := k/lo- They are 2n — k — 1 
rational functions on CP"""^"^. 

Definition 1.1. The Grassmannian k-form of weight n on G"_^(C) is de- 
fined by 



^fc;n(^0, • • • , hn-k-l) = {2TTi)^^^ 



r2n-k-l{fl, • • • , /2n-fc-l)- 



For the precise meaning of the right hand side see |G4] or §3.1 below. It 
was proved in [G4| that this integral is convergent, so the definition makes 
sense. 

The Grassmannian n-logarithm function £^ can be descended onto the 
space of configurations of 2n points in P(y*) = CP"~^ (see [G4|) or, what 
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is the same, the space of configurations of 2n hyperplanes in PiVn)- Let 
ho, ... ,/i2n-i be 2n hyperplanes in CP"^"'^. Choose rational functions fi 
such that div(/j) = hi — ho for 1 < i < 2n — 1. Then the Grassmannian 
n-logarithm function jO^ is defined by 

C^iho, . . . , /l2n-l) = (27ri)l-" / r2„-l(/l, . . . , /2n-l). 



1.3 The Lie-motivic construction of the Grassmannian n- 
logarithms 



A different construction of the the Grassmannian n-logarithms for n 



2,3 was given in |G2, G3] and for n = 4 in [Gl|, see also 

We will call these constructions Lie-motivic since they are obtained as 
a composition of a homomorphism from the Grassmannian complex (see §Q 
below) to a motivic complex, understood as the weight n part of the cochain 
complex of the motivic Lie algebra, followed by the canonical regulator map 
to the real Deligne complex. 

Let us explain in more details the notion of the Lie-motivic Grassman- 
nian polylogarithm function. It is expected that there is a natural variation 
of n-framed mixed Tate motives over the Grassmannian G" responsible for 
the motivic Grassmannian n-logarithm function in the following way. Tak- 
ing the Hodge realization of this variation we get a variation of n-framed 
Hodge- Tate structures over the Grassmannian. Let Tin be the group of n- 
framed Hodge- Tate structures. Then Tl, = ®n>o'^n has a natural Hopf 
algebra structure (see [ BGSV| ). The coproduct on H, induces a graded Lie 
coalgebra structure on the quotient 



cin). := 

There are two natural period maps 



-.n. — >R; -.n, — >R (8) 

The first one is an algebra homomorphism, while the second kills the prod- 
ucts: p^{t~L>o • Ti^o^ = 0. Thus we get a canonical map : C{7i), — > M. 
Applying pointwise this map we get a function on the Grassmannian which 
we call the Lie-motivic Grassmannian polylogarithm L^. 



1.4 The comparison problem 

Now a natural question arises: 

Problem 1.2. a) What is the relation between the Grassmannian n-logarithms 
C^.n ^'^'^ -^^n ^ ^hey coincide or not? 

b) Is it true that the Grassmannian n-logarithm admits a motivic 
construction? 

c) Is it true that the Grassmannian n-logarithm is Lie-motivic? 
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By the very definitions one has — L^_^.^. 



It was known from |G4], and it is aheady a nontrivial fact, that the 
Grassmannian dilogarithms of both types coincide. We will recover this 
result in s. 4.5 below. 



It was noticed by the first author during the preparation of |G4], and 



puzzled him very much, that the Grassmannian n-logarithms for n > 4 
should be different from The reason is that satisfy some additional 
functional equations which should not be true for for n > 4. Namely, 
projection along the subspace generated by ej provides a map 

b, : 1 Gl 

It was proved in [G4| that Cp.g satisfies the property 

2q-p 

5] (-1)^6*/:^, = 0. (9) 

j=0 

This property is valid for the motivic Grassmannian trilogarithm. However it 
should not be satisfied by L^_2.„ for n > 4, and because of this to construct 
the regulator map one needs to extend the to a bi- Grassmannian n- 
logarithm, see |G7]. 



In this paper we compute explicitly the Grassmannian trilogarithm £^3 
and show that it is different from L^g for k = and 1. The difference is 
explicitly computed and has a motivic origin. Therefore the answer to part 
b) of the problem is positive for n = 3. However it is not Lie-motivic, thus 
the answer to the question c) is negative. 

1.5 Main result: computation of the Grassmannian triloga- 
rithm 

Recall that the classical polylogarithms are defined by 

Lii(z) := -log(l - z); Lin{z) := — , n>2. 

Jo * 

They admit the single- valued cousins (see [^). For the dilogarithm it is the 
Bloch-Wigner function 

C2{z) := iC2{z) := 1:2 {^12(2)) + i arg(l - z) ■ log \z\ 

and for the trilogarithm it is 

Csiz) = me{Li3{z) - log \z\ ■ Li2{z)} - ^(log \z\f log |1 - z\ 



which was used in the proof of Zagier's conjecture on ("(3) in [ |G2| and |G3]. 



Choose a volume form uj £ det V* and set Ai^{vi, . . . , f„) := {uj, A • • • A 
Vn) £ F. We will usually omit the subscript lo. 



5 



The following result was proved in [|G2| , p^] , see also []G5| . 

' ^ °' ■ ■ ■ ' " 90'''''^^^ U(^o, ^1, /4)A(/i, /2, k)A{h, k, h) 
The next theorem is proved in §5: 
Theorem 1.3. 

^sil-o, ■ ■ ■ ,k) =L'i{lo, . . . ,15) 

- ^ Alte (log I A (/o , /i , /2) I log I A (/i , Z2 , /s) I log I A (/2 , /s , ^4) 1) . 

Our next goal is to show that the function does not satisfy the most 
interesting functional equation valid for the function . Consider the fol- 
lowing configuration of 6 points on the projective plane, called the special 
configuration. 




The set of the special configurations can be naturally identified with 
P^\{0,oo} (see [p8|] ) . Namely z ^ F* corresponds to the configuration 
5(3(2;) given by the columns of the following matrix 

'10 10 1^ 
10 110 
,0 1 1 2> 



If a function is defined at the points of a set X, we can extend it by linearity 
to a homomorphism from the free abelian group generated by the points of 
X. We apply this construction to the functions and £3' and appropriate 
sets of the configurations of 6 points in P^. Then according to (ITol) one has 



( {lo, ■ ■ ■ ,h) 



90 A(/o, h,k)A{h,l2, k)A{l2, lo, k) 



0. 



(11) 



However the function does not satisfy this functional equation. Indeed, 



we have the following result, which is proved in [G8|, see also [G4| 



Theorem 1.4. The restriction of the Grassmannian trilogarithm function 
to the special stratum coincides with the classical trilogarithm function 
£3. More precisely, £^(53(2)) =£3(2). 
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Thus if the function £^ satisfies the functional equation (11) it would 
coincide with at the generic configuration, which is not true according 



to Theorem 1.3. 



Notice that the function can be defined for an arbitrary configuration 
of points in ( [ |G4j | , [G8| ] ) , and one can show that it is continuous near the 
special stratum. 

Remark. This shows that in the |G1, §4] to define the motivic Lie 



coalgebra ©G*(F) of a field F (cf. loc. cit.) one needs the functional 
equations for the Lie-motivic Grassmannian n-logarithm L^, instead of its 
relative 

Problem. Find explicit expression of the Lie-motivic Grassmannian 
n-logarithm via the functions C^. 

1.6 Main result from the point of view of the Deligne coho- 
mology 

Recall that the Deligne cohomology H^{X, of a regular algebraic vari- 

ety X over C can be defined as the hypercohomology of X with coefficients 
in the following complex of sheaves M-p(p) on X{C): 

jyi^ ... pp pp+i A^ . . . ) R(p - 1) 

t TTp I TTp 

0^. ^ ^ ... 

Here is the sheaf of i-currents on X. The group is in degree 1. To 
compute the Deligne cohomology of X let us replace F^Q* by its Dolbeault 
resolution and denote by the complex of the global sections of the 

complex of sheaves over X{C). Then 

huxMp)) = H*{^v{p){^)) 

Thus to calculate the Deligne cohomology //^(G^,M(n)) of the semisimpli- 
cial Grassmannian (|^) one needs to consider the cohomology of the total 
complex associated with the bicomplex of the shape 

mn){Gl)< ^M^(n)(G?). (12) 

A collection of differential forms on the simplicial Grassmannian (|l|) satisfies 
the two conditions (|2|) an d (^ ) if and only if it represents a 2n-cocycle in 
the bicomplex (|l2|). By ^% Lemma 2.3], satisfies (§). We will see 
that by definition, for n = 2 and 3, -L^„ satisfies (|2|) and (|3|), and moreover 
C^-i-n = L^-i-n- Thus one can expect that the difference between the 6- 
cocycles given by L^g and £^3 is a coboundary of a certain nice 5-chain in 
the bicomplex ([l^) . We shall prove that this is indeed the case and calculate 
explicitly the 5-chain. It has a nonzero component only over Gg, and this 
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component is given by the function 



{lo, ...,h)^ ^Alte ( log \A{lo, h,l2)\ log I A(/i, /2, k)] log | A(/2, ^3,^4) 



(13) 

Denote by C3 this 5-chain in (^). It is also of motivic nature: the function 
( p^ is a composition of the map 

Gl{F) — > S^F* 

which is defined for an arbitrary field F, with the logarithm homomorphism 

S'^C* — > M, xi ■ X2 ■ I — > log log \x2\ log jxsl 

defined when F = C 

Denote by {>C^3} and {^^3} the 6-cocycles in the bicomplex (|l^) pro- 
vided by the collection of forms £^3 and L'^.^- Let D be the differential in 
the total complex associated with the bicomplex (|l2[). 

Theorem 1.5. 

_ {lGj = D{Cs). 

We expect a similar story for the Grassmannian n-logarithms in general: 
the forms C^-^i should have a motivic nature in the following precise sense: 

1. One should have an explicitly given homomorphism L„ from the 
weight n Grassmannian complex to the weight n part (A*L(F)^, A)(„) of 
the cochain complex of the motivic Lie algebra L{F), of an arbitrary field F. 
(In fact L„ should be a part of the homomorphism from the bi-Grassmannian 
complex to the cochain complex of L{F),). 

Composing this map with the regulator map we get a cocycle in the 
bicomplex (^), the Lie- motivic Grassmannian n- logarithm For n = 

2,3,4 this program has been implemented in [G2|, [G3| and |G1], but in 



general the homomorphism L„ is unknown. The story for for n = 2, 3 is 
recalled in section 4 below. 

2. We expect a natural (2n — l)-chain C„ of motivic origin in (12) such 
that 

Here {>C^^} and are 2n-cocycles in the bicomplex ( [T^ ) provided by 

the forms C^n ^^^d 

Our desire to understand better the structure of Grassmannian polylog- 
arithms was motivated by the following reasons: 

i). The Grassmannian n- logarithm can be used for an explicit construc- 
tion of the class c„ G ff^"(BGL(C),, Mx)('T')) which provides Beilinson's reg- 



ulator for (see @) and (see |G|, ^). 
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ii). Explicit calculation of the Grassmannian n- logarithm C'^.^ should 
give a clue for construction of the homomorphism ILj^ as well as the chain 

Acknowledgment. The first author gratefully acknowledges the sup- 
port of the NSF grant DMS-9800998. 



2 Some properties of the differential forms r 



m 



Here is another expression of the differential form which will be very 
useful in applications. 

Proposition 2.1. The differential {m — l)-fo'rm r^ifi, • • • , fm) can he ex- 
pressed as 



E 

_fe=i 

Proof. By definition 

fn+l{hi • • • ) /n) 



(-1) 



m—k—1 



log|/i|/\dlog/,- l\ dlogfj 

3=2 j=k+l 



2'"(n + 1) 



2i 



■Alt„+i < 



E 

j>0 



n + l 
2j + l 



log I /o I 



/\ {d log fs + d log /,) /\ {d log fs-d log /,) 
s=2i+l 



-1 



2^(n + 1)! 



Ah 



n+l 



i>o 



2j + lJ^^\n-k-lJ \ I 
•' ^ k>o l>o 



n-2j \ (2j 



(14) 



(-1) 



n—k—l 



\og\fo\ l\d\ogfs l\ d\ogfs\. 
s=l s=k+l ) 

In the above, we've used the skew-symmetry property, for example, 
Al\,n{d log fif\d log /2 • • • } = Alt„{(i log /i A d log /2 • • • }• The coefficients in 
the summation of index k is obtained as follows: for each li log + d\og fg 
we can either choose dlogfs or log fg but not both, the same for dlogfg — 
dlogfg. For any appropriately fixed I, there are (^^) ways to choose log fs 
from the former and [^S^-i) ways from the later. Once logfg are chosen, 
dlogfs are determined. We can now show that 



n + l 



0<2j<n-l ^ ^ i>0 



1 S 



n — k — I J \ I 



(-1) 



n—k—l oi 



2'^(-l) 



n—k 
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0<2jr<n 
1 



by comparing the coefficient of x"" ^ of the fohowing polynomials in x: 

p=0 0<2j<n ^ ^«>0^ /\/ 

[(1 - X + 1 + - (1 - X - 1 - x)"+^] 



2(1 + x, 
2*^ [1 - {-x] 



n+ll n 



1 + x 

m=U 



-xr. 



The proposition follows at once. □ 
Corollary 2.2. The (2n — l)-form r2n(/i, • • • , /2n) can be expressed by 

/£=«.+! ' i=2 j=k+l 

and the {2n - 2)-form r2n-i(/i, • • • , fin-i) is 



Alt2n.-iRe <| log l/il A '^log(/,) A rflog(/j) 

2n— 1 i^r 'i\k ^ 2n—l 

+ E 7^^i°giM A^M/.) A rfi^^ 

fc=n+l ^ j=2 j=k+l 



2n-l 



Proof. We can use symmetry to bring (|14| ) into the form in which at least 
[(m — l)/2] holomorphic dlog appear together with at most \{m — 2)/2] 
anti-holomorphic dlog. □ 

Examples 2.3. We will need the following special cases later: 



(1) From Corollary |2^ ?'3(/i, f2, /a) is equal to 



^Re (Altajlog |/i|dlog ^ A dlog h - 21og \h\dlog /s A dlog /g}) • 
(2) We have 

?'4(/l,/2,/3,/4) ^4 (Alt4 {log I /i I d log /2 A d log /g A d log 

-log|/i|filog/2 Adlog/s Adlog/4}) . 
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3 Computation of the Grassmannian 1-forms 



3.1 The setup 

For any < A; < n — 1 we let V^-k be an (n — /c) -dimensional complex vector 
space. Let Iq, ■ ■ ■ ,l2n-k-i be vectors in generic position in the dual space 
Vn-k- Recall that the Grassmannian /c-form of weight n is 



^k;ni^Oi • • • > hn-k-l) = (27ri)''+^ " / r2n-k~l{fl, • • • , /2n-fc-l)- 

(15) 

where fi{t) = li/lo, 1 < i < 2n — k — 1, are 2n — k — 1 rational functions 
on P{Vn~k) = CP"~'^~^. Our first goal is to explain the meaning of this 
integral. In the next subsection we give a recipe for its computation when 
k = l. 

Let vr : Z — > y be a smooth map of manifolds with compact fibers and lo 
be a distribution on Z. Then one can define tt^uj so that {tt^uj, ip) = {lo, iT*ip) 
for any smooth test form iponY. 

There is a canonical function on V*_f^ x Vn-k whose value at the point 
{l,t) is l{t). The expression r2n-k-iifi(t), . . . , f2n-k-i(t)) is a differential 
form with logarithmic singularities on CF""''"^ X Y where 

Y = v:_,x---xv:_,. 



2n — k — 1 times 



It is proved in |G4] that it has integrable singularities, and thus provides 



a distribution on this manifold. The right hand side of (15) is defined 
as (27ri)'^+^~" • 7r^,(r2„_fc_i(/i(t), . . . , f2n-k-i{t))) , where vr is the canonical 
projection along CP""*"'""^. Write d = dt+da for the differential on P{Vn-k) x 
y, where dt is the PiVn-k)- and da is the y-components of d. 

Let X and Y be complex manifolds and X is compact of complex di- 
mension d. Let a; be a distribution on X x y. There is canonical projection 
vr : X X y — > Y . Denote by p(^'i''?i)(X) the space of distributions of the 
Dolbeault type {pi,qi)- The space I?(X x Y) of distributions on X x y 
admits a decomposition P(X xY) = ©p(Pi'9i;P2,g2)(-x x y), where (pi,gi) 
(resp. (^2,92)) is the type of the distribution with respect to X (resp. Y). 
If uj is of type (pi, '?i;P2, 92) then tt^lo is of type (pi — d,qi- d;p2,q2)- In 
particular 7r*u; = if pi < d or gi < d. 

Let us present r2n-k-i{fi{'t), • • • > f2n-k-i{t)) as a sum of its Dolbeault 
components ujiP^'^^^^-'^-p) . Then 

p 2n-k-2 
a j=l i=p+l 

where gf{t) are some rational functions on CP"'~'^~^. Therefore the integral 
of oj^pfln-k-2-p) Q^g^ CP"-'^-^ is zero unless n-k-l<p<n-l. If 
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p = n — 1 the integral is calculated as 

^ J Alt2n-k-l J2 / log \9oit)\ ■ 

(2n — K — Ij! ^ JcP"-*-^ 

fc n-l 2n-k-2 

In this paper we are mostly interested in the case k = 1. 
3.2 The key formula 

Our main task in this subsection is to calculate the Grassmannian 1-form 
^f-n+iQ'O, ■ ■ ■ ihn) of weight n + 1. (We increase the weight for ease of 
notation.) 

Set X :=¥* X ■ ■ ■ X V* and Y := F„. Let (/q, be a point of the 

variety X xY. One has 

tc;"(X xY) = e,+fe=„a;«(X) ® a;"(y); lj = ^c^('^'^). 

We will now write d = da + dt where dt is the T^i-components of d. Let us 
compute the (l;n — 1) component of the following differential form: 

n ^ . ^ 

^{-iyd\oglo{t) A • • • A dlogZi(i) A • • • A dlogZ„(t). 

i=0 

One can define the S'L(V^)-invariant Leray form 

n 

an-i{h{t), ln{t)) := ^(-ir-^/i(i)dt/i(i) A • • • A dMf) A • • • A dtln{t). 

1=1 

Let p : Vn\ {k{t) = 0} — > P{Vn) be the natural projection. Then one can 
check that the form 

an-i(li(i:).....,l,,{t)) 

ll{t) ■ . . . ■ ln{t) 

is lifted from P(V^), i.e. it is equal to p*uj for some form co on P(V^). 
Proposition 3.1. 
1 / 

^Alt(;„,...,,„)(^dlogZo(0 A • • • A d\0gln-l{t)j 

^ (ra- 1)! ^^^^'°'-'^"^ ((^ log A(/o, . . . , In-i) A log h{t)A---Adt log /„_i(t) 

= X:(-l)^cilog A{h, ...X...Jn)A ar.-lMt),...M,...Xit)) _ ^^g^ 
^ lo{t)-...k{t)----ln{t) 
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Remark 3.2. Because A(Zi, . . . ,ln) is a function on x • • • x V*, one sees 
that da log A(/i, ...,ln) = tilog A(/i, ...,ln)- 

Example 3.3. In the simplest nontrivial case n = 2 we get 

dloglo{t) A dlog/i(t) - dlogloit) Adloghit) +dlogli{t) A dloghit) 
=dlog A{k,h)A (^dt log h{t) - dt log /o(t)^ 

-dlog A(/o, I2) A (dt log hit) - dt log /o(t)^ 

+d log A(/i , ^2) A (dt log h [t) - dt log h {ti 



In coordinates it looks as follows: 

aiti + a2t2 , ,1 61*1 + 62*2 / , I, N . J 1 61*1 + 62*2 
"log— ^ Adlog— — — = d\og{aih2 -0261) Adtlog— — ■ — 

Cl*l + C2*2 Ci*i + C2*2 ai*l + 0212 

-dlog(aiC2 - a2Ci) A d^log "^i^i + "^2^2 _^ iog(6iC2 - 62C1) A dt log . 

ai*i + 02*2 61*1 + 62*2 

Proof. Choose a volume form uj S detF^. Denote by G dety„ the 
dual volume form in V* . Then for any vectors li, . . . ,ln £ V* we have 
A(^-i (/i, . . . , Zra) G F. It is easy to check that 

a„_i(/i(*), . . .,/„(*)) = A;^-i(/i, ...,/„)• iEUJ (17) 

where E := ^tidt^ is the Euler vector field in V^. It follows from this that 

(l;n-l) 



j=0 0<j<n,jj^i 



A 



/o(*) •••/„(*) 
Now let us calculate ([T6|). Using ([T7|) we get 

. , , an-i(Zo(*), • • • ,^n-i(*)) dAj^-i(/o, . . . ,/„-i) A z^w 
dlog A.-.(/o, . . . , ^"-) /oW.../.-i(t) • 

So it remains to show that 

n n 

^(-l)*/,(*)dA^-i {lo, ...,k,...,ln)= ^{-lyA^-i (/o, . . . , ^ , . . . , Z„)da/i(*) 

i=0 i=0 

which follows by applying the differential da to the identity 

n 

Y,{-^y^u.-^iio,...,Ti,...,in)-k{t) = o. 

1=0 

We now can finish the proof by observing that 

an_l(/o, • • • , In-l) = — _ , ^ Altn|/o(*)dt/l(*) A • • • A dt/n-1 it)}. 



□ 
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Corollary 3.4. The Grassmannian 1-form of weight n + 1 is 

>C^;n+l(^0, • • -Mn) = _ • Alt2„+1 • 7r2n(^dlog A(/i, . ..,l„) A 

„ n 2n— 1 

/ ^_^logMt)\ /\dt log I J (t) A /\ dtlogljit) 

^ j=2 j=n+l 

Proof. Let fi = U/Iq and 

2{-lY 



(2n)! 

From 



2n 

'^2n(/l, • • • ,/2n) = ^^(-1)' ^2n{loi • • • ) ^ii • • • ) ^2?iJ 
i=0 

one has 

^]^n+l('o, • • • , ^2n) = (27ri)^~" / Alt2n+l?^2n(^0, • • • , ^2ra-l)- 

Using Corollary ^ and observing that ■pij|Alt2n+iAlt2n = Alt2n+i we can 
rewrite the integrand as 

n 2n— 1 



6„-Alt2„+ivr2„(log|/o(t)| /\dlog/j(t) /\ dlogljit) 



n 2n— 1 

-n ■ bn ■ Alt2n+l7r2n 

(\og\lo{t)\dlogA{h,...,Q /\dt\oglj{t) /\ dt\ogljit) 

3=2 j=n+l 

□ 



4 The Grassmannian and poly logarithmic complexes: 
a review 

4.1 The Grassmannian complex 

Let Cm{n) be the configurations of m + 1 vectors in generic position in 
n-dimensional vector space Vn over F. Then there is a map 

m 

d' : Cm+l{n+l) > Cm{n), {vq, ■■■,Vm) I > '^{-iy{Vi\vo, ...,Vi,.. .,Vm)- 

1=0 

Here {vi\vo, . . . ,Vi, . . . , Vm) means the configuration of (wq, . . . ,v[, . . . , v'^) in 
the space Vn/ {vi) where Vj is the image of Vj in Vn/ {vi). It is straightforward 
to see that (C*_|_ji_i(*), d') form a complex, called the (w-th) Grassmannian 
complex. It is isomorphic to the complex (C*+„_i(n), d) where 



d' : Cm+iH — > Cm{n), {vq, . . . i — > ^(-l)*(?;o, 



, "U j , . . . , VjYl J 

i=0 
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by the duality * : Cm+n-i{fn) 
two isomorphisms in 



a, 



(n) obtained by comparing the 



4.2 The polylogarithmic complexes 

The polylogarithmic complex (B{F;n),,6) is a candidate to the weight n 
motivic complex of the field F. It was defined in |G2| , |G3|| for n < 3 as 
follows. The groups BniF) are quotients B„(F) := Z[F],]/Rn{F), where the 
subgroups Rn{F) reflect the known functional equations for the n- logarithms 
for n = 1,2,3. For example, Bi{F) = F* ^ Z[P),]/i?i(F) where Ri{F) := 
{{x} + {y} — {xy} : x,y G F*; {0}; {cxd}) . Consider the homomorphisms 



{x} 

{0},{l},{oo} 



F* A F* 
52(F) ®F* 
(1 — x) A X 

{x}2 X 



if n = 2 
if n = 3 
if n = 2 
if n = 3 



■0 



where {x}n is the image of {x} in Bn{F). Then 5„(i?„(F)) = 0, so we 
get well defined homomorphisms 5 : B2{F) — > A^F* and 5 : B^i^F) — > 
B2{F) F*. We get the polylogarithmic complexes 



B2(F) ^ A^F*, 53(F) ^ 52(F) ® F* 



A-^F* 



where 5{{x}2 y) — > (1 — x) A x A y. These complexes can be thought of 
as the weight 2 and 3 parts of the standard cochain complex of the motivic 
Lie algebra F(F),, see [G3|. 

4.3 Homomorphisms from Grassmannian complexes to the 
polylogarithmic ones 

There are two commutative diagrams: 



^3(2) 



B2(F) 



■C2{1) 
f\^F* 



^5(3) 



■C4(2) 



and 



V5{3) 



B^iF) 



52(F) 



¥'4(2) 

®F* 



C3(l) 
f\^F* 



where 



'^2{l){vQ,vi,V2) = ^Alt3{A(i;o) AA(t;i)} 



and (^3(2)(z;o, wi, ^2, W3) is given by {r{vQ,vi,V2.,v^)}2 which is the image of 
the cross-ratio 

r{vQ,...,v^) = — :— r 18 

I\{vo,v:i)I\{vi,V2) 
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in B2{F). For the second commutative diagram, the map 955(3) is the gen- 
erahzed cross-ratio 

V?5 3)(z;o,... ,U5) = 7^Alt6<^ -r-T -r-^ -r^ r \ G S3 F) 

and 

994(2)(uo, . . . ,^4) =^Alt5|r(wo,f2,f3,f4)2 A(i;3,f4)| (19) 

V?3(l)(?^o, . . . ,t^3) = - ^Alt4{A(?;o) A A(t;i) A A(t>2)}. 



Remark 4.1. The correct proof of the second commutative diagram was 
given in |G5|]. Notice that our 975(8), '^^{2) and v'3(l) ^-re 1/6 of the 



corresponding maps in |G5]. We made these changes in order to have 
C 



G 

n— l;n 



l: 



n— l:n' 



4.4 The regulator map on the polylogarithmic complexes 

Let X be a variety over C and F := C(X). Let A'^{X) is the de Rham 
complex of smooth forms at the generic point of X over C. Set a(/) = 
log \f\d log 1 1 — / 1 — log 1 1 — / 1 d log I / 1 . Then there are the following commu- 
tative diagrams 



B2{F) 



f\^F* 

r2{2) 



B3{F) B2{F) F* A3P* 



and 



^O(X) ^AliX) 



rail) 



^3(2) 

■AUX)- 



f\-^F* 



where 



A'^iX) 



r3il):{f}3^C3{f) 



■A'^iX) 



(20) 



r2{l)■.{f}2^C2if) = ^C2{f) ... log|g|a(/) 

. / N r-3 2) : {/}2 5 I — > C2{f)diaigg 

^-2(2) : ffo Affi I — ^^2(50, 51); 3 

^^3(3) : go /\ gi /\ 92 > — > ^3(50, 91, 52)- 

Composing the maps (/? and r we get the Lie-motivic Grassmannian poly- 
logarithms L^.^ for n = 2,3. 

4.5 The Grassmannian dilogarithm 

We deal with the left commutative diagram in (pO|). It is easy to see that 
^^^2(^0,^1,^2) :=r2(2)ov72(l)(/o,/i,/2) 



= iAlt3{r2(/o, ^i)} = r2(/i, /2) = ^2(^0, h,h). 
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Therefore the difference between £2(^0, ■ ■ ■ ,h) and 

L^.2ih, ■■■,h)-= ^2(1) o (p3(2)(/o, • • • , ^3) = ^2(r(/o, • • • , ^3)) 

is a constant. Since it is skewinvariant with respect to the permutations of 
the vectors Zj, it is zero, i.e. = ^2- 

5 Proof of theorems and |1.5| 

By the very definition 

L^3(/o, h,l2, k) :=?'3(3) o ips{l){lo,li, I2, k) 

= - ^Alt4{r3(/o, ^1,^2)} = r3(/i, /2, /a) =Cf.3{^o, h, h, k)- 
We now want to compare 

Lf.^{lo,...,k) :=r3(2)ov94(2)(/o,...,/4) 

and 

J0,?;3ik, ...,k) = i27Ti)-' [ r4(/l, /2, /3, /4) 

Notice that the (1, 2)-component of r4(/o, h, h) is a (1, 2)-form on X x V2, 
not on X X P(V2)- However after the alternation we get a (l,2)-form on 
X X ^(^2). 

We wiU write A(a, 6) := A(/a, lb) for the rest of the paper. 
Proposition 5.1. 

Lf.silo, ...,k) = Alt5 I (^£2(r(/o, ^1,^2, h))di arg A(l, 4) 

-ilog|A(0,l)|log|A(l,4)|dlog|A(2,4)| 

Proof. By Corollary |3.4| 

6 • 27ri£^3(/o,/i,Z2,^3,^4) 

=Alt57r4|dlogA(l,2) / log |/o|dlog(/2) A dbi(i;)j 

I JCF^ ) 

= -Alt57r4|(ilogA(l,4) / log|/o|dlog(/i) Adb^)) 
=2Alt5|a!log|A(l,4)| / log |/o|dlog A argZa) (21) 
-2Alt5{diargA(l,4) / log |/o|dlog |/i| A dlog I/21 1 (22) 
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To get (H) and (H) we use the following observations. Let / and g be 
holomorphic functions on a complex curve X and (/J is a real valued function. 
Then since J-^ ipdlog f A dlogg = we have, taking the real and imaginary 
parts respectively, 

/ V'c^logl/I Adlogls-I = / (pdargfAdaigg, 
Jx Jx 

/ ipdlog\f\ Adargg = Lpdlog\g\ A darg f. 
Jx Jx 

One can easily show that (by using Examples |2.3| (1)) 



27riC^{lo,h,l2,h)= [ r3(/i,/2,/3) = 2 / log log IM A dlog I/3I 

4Alt4 / log|/o|dlog|/i| Adlogl^al- (23) 



This is a special case of equation (^) in the Appendix. 
Writing as 

-Alt5 |di arg A(l,4) j^^^ (Altj^^/^jlog |/o|dlog A dlog l^al}) 

and subtracting from this 

Alts I arg A ( 1 , 4) j^^^ (^Alti, { log | I d log | /i | A d log | ^4 1 } ) | 

which is zero (to check this use the skewsymmetry with respect the alterna- 
tions {2,3} and {0,3}), we see, using (23), that (22) is equal to 

Alt5^TriC§{lo,li,l2,h)diargA{l,4)^ 

= mAlt5{c2ir{lo,h,l2,k))diargA{l,4:)^ 



by (??). To calculate (|2lD we compute, in two different ways, the expression 

'A(2,4)/o' 



Alt5|dlog|A(l,4)| / dlog|/i|Ad£2 



(24) 



.A(0,2)/4' 

1. The integral over CP^, and hence the whole expression, is zero because 



where both parts are understood as currents. Notice that log \z\ and Ci{z) 
have integrable singularities and thus provide currents on CP^. 
2. Using formulas A(2,4)/o(0 - A(0,4)/2(t) = A(0, 2)^4(4) and 



d£2(/) =log|/|darg(l-/)-log|l-/|darg/ 
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we see that dC2 ( ^|q^2);4 



is equal to 



log 



A(2,4)Zo 



A(0,2)/4 



darg 



A(0,4)?2 X 
A(0,2)/4; 

A(2,4)/o 



A(0,4)/2 



A(0,2)^4 



darg 



A(2,4)/c 



log 



A(0,2)/4 



a arg log 

/4 



A(0,2)/4 
A(0,4)/2 



A(0,2)/4 



, ^0 
a arg — . 

£4 



Since this expression is skewsymmetric with respect to the transposition 
{2,0} exchanging the indices 2 and we can write as 



A(0,2)/4 



di arg ■ 



0=2Alt5 j(ilog|A(l,4)| / dlog|/i|Alog ^^^'^^^^ 
=2Alt5|dlog|A(l,4)| / log 
-2Alt5 jlog|A(0,2)|dlog|A(l,4)| / dlog A arg ^ 



h 



d\og \ li\ f\ diaig — 



(25) 
(26) 



We got last line by using transposition {0, 3}. Now (25) is exactly (|2l|) since 
the other three possible terms vanish due to alternation {0,3} (or {2,3}). 
Therefore ( [2l| ) is equal to 



2Alt5{log|A(0,2)|(ilog|A(l,4)| / dlog A arg ^ 

-2Alt5|log|A(0,2)|(ilog|A(l,4)| / log A d(diarg 
I Jcp^ '4 

- 47riAlt5 (log |A(0, 2)|dlog |A(1,4)| log 



A(l,2) 



(27) 



A(l,4) 

We got this line by noting that d{diaigf) = 2Tri6{f). Notice that 

47riAlt5{log |A(0, 2)|dlog |A(1,4)| log |A(1,4)|} = 

since the expression is unchanged under the transposition {0, 2}, we see that 
( p7| ) equals to 

-47ri • Alts (log |A(0, l)|dlog |A(2,4)| log |A(1,4)| 

by transposition {1,2} followed by {2,4}. This finishes the proof of the 
proposition. □ 

To calculate Lf.r^{lo, . . . , ^4) we need 
Proposition 5.2. Alts (log | A(l, 4)|a(r(Zo, ^1, ^2, ^4))^ is equal to 

4dAlt5{log |A(2,4)| log |A(1,4)| log |A(0, 2)|} 

+ 12Alt5{log|A(l,4)|log|A(0,l)|dlog|A(2,4)|}. 
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Proof. Here is the algebraic reason behind this lemma. There is the following 
exact sequence of Q-vector spaces 

Ki : a 6 A c I — > a-b® c— a - c®b, K2 : a ■ bf^i c i — > a ■ b ■ c. 

It is a special case of the Koszul complex. The map K2 admits a natural 
splitting 

K2 : a ■ b ■ c 1 — > -(^a-b(dc + a-c(db + b-ciSia^- 

li F = C{X) then there is a map 

S^F*<E)F* ^AHx); /i-/2®/3^1og|/i|log|/2|cZlog|/3| 

Now the proposition is an immediate corollary of the following lemma. 

□ 

Lemma 5.3. 

-KiAltsj A(l, 4) (1 - r(lo, hM, k)) A r(/o, luh, k)} (28) 
=124 (Alt5{A(2,4) • A(l,4) • A(0,2)}) 
+12Alt5{A(l,4) • A(0, 1) ® A(2,4)}. 
Proof. Let us show that that (28) equals to 

4Alt5{ A(l, 4) • A(0, 2) A(0, 1) - A(l, 4) • A(0, 1) A(0, 2) 

+ A(l,4) • A(0,1) A(l,2)} (29) 

Indeed, using (18) we get 

(1 - r(/o, h,l2, k)) A r(/o, h,l2, k) = ^Alt(;„,;^,,,,^){A(0, 1) A A(0, 2)} 
Using this we write ( p8|) as a sum of the following 12 terms: 



Alt5(^-A(l,4) • A(0,1) A(0,2) + A(l,4) • A(0, 2) ® A(0, 1) 

+A(1,4) • A(0, 1) A(l,2) - A(l,4) • A(l,2) ® A(0, 1) 
-A(l, 4) • A(0, 2) ® A(l, 2) + A(l, 4) • A(l, 2) ® A(0, 2) 
-A(l, 4) • A(0, 2) A(0, 4) + A(l, 4) • A(0, 4) ® A(0, 2) 
+A(1, 4) • A(0, 2) A(2, 4) - A(l, 4) • A(2, 4) ® A(0, 2) 

-A(l, 4) • A(0, 4) ® A(2, 4) + A(l, 4) • A(2, 4) A(0, 4) 
Notice that a priori ( |28|) is a sum of 24 terms corresponding to the 24 terms 



in (18). However 12 of them disappear after the alternation. For instance, 
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Alt5(A(l,4) • A(0, 1) A(0,4)) = since the involution {2,3} does not 
change the expression. 

Computing the sign of the appropriate permutation, we see that this sum 
is equal to (|^). Indeed, the terms 2, 5, 7 and 9 provide the first summand, 
the terms 1, 6, 8, 10 the second summand, and the rest the third summand. 

The third term in ( p9[ ) vanishes by using the involution {0,4}. This 
involution also bring the first summand in ( p9D into the following form 

4Alt5{A(l,4) • A(0,1) A(2,4)}. 

The second term in (|2^ ) contributes 

8Alt5{A(l,4)-A(O,l)0A(2,4)}+124 (Alt5{A(2, 4) • A(l, 4) • A(0, 2)}) . 

The lemma, and hence Proposition are proved. □ 

Notice that {r{li, 12,1-3,14)} 2 is skewsymmetric with respect to the per- 
mutations of Ij's. So applying involution {1,3} to (pj|) one gets 



(^4(2)(Zo, ■■■,h) = ^Alt5{{r(/o, h,l2, k)}2 ^ A(/i, /4)}. 



Therefore using Propositions 5.1 and the formula for r3(2) at the end of the 



§ |4.4| , we get 

£^:3(/o, . . . , ^4) - ^^^3(^0, ...,h) = Cf.-silo, ...,k)- r3(2) o <^4(2)(/o, ■ ■ ■ ,U) 
= (Alts {log |A(2,4)| log |A(1,4)| log |A(0, 2)|}) . (30) 

Thus using this and formula (|2|) in the case /c = 0, n = 3 we conclude 
that 

£^3(/o, . . . , k)-L^-3ilo, /5)+^Alt6{log I A(5, 2, 4)| log | A(5, 1, 4)| log | A(5, 0, 

is a constant (notice the change of the sign before 1/9). Since it is skewsym- 
metric with respect to the permutations of the vectors Iq, ■■■,1^, it must be 
zero. Finally, notice that 

Altejlog I A(5, 2, 4)| log | A(5, 1, 4)| log | A(5, 0, 2)| } = 
Altejlog |A(0, 1, 2)1 log | A(l, 2, 3)| log | A(2, 3, 4)|} 



Theorem 1.3 and are proved. 



6 Appendix: formulas for the Grassmannian n- 
logarithm function 

To simplify the Grassmannian n-logarithm we need 
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Lemma 6.1. Let X be an n- dimensional complex manifold. Let /i, • • • , f2n 
he any 2n rational functions on X . Then 

(I) For every < j < n — 1 

2j+l 2n 

Alt2„{ /\ dlog|/,| /\ dargA}=0. (31) 

k=l k=2j+2 

(II) For every < j < n — 1 

2i 2n 

Alt2n{/\dlog\f,\ /\ darg/fc} =6j-,dlog|/i| A--- A(ilog|/2n| (32) 

fc=l fc=2j+l 

Where b,,n = {2n)l{^)/{l^). 

Proof. (I) Because dimX = n, for any < i < n — 1 one has 

dfogl/il A--- Adfogl/il Adfog/i+i A--- A(ifog/2„ = 0. (33) 

Denote by xj the left side of ( |3l| ) multiphed by \/— 1^" ^. Taking the 
imaginary part of (|33|) and alternating /i , • • • , /2n we get 

where the sum is over j such that 2j + 1 > i. Indeed, denote the expres- 
sion inside of Alt in (^T|) by Tj. An alternation of ( p^ ) contributes to Tj- 
if and only if 2j + 1 > i, so that we can specify 2j + 1 — i terms from 
fi+i, • • • , /2n and make them contribute the log part of Tj, which, together 
with log I /i I , • • • , log \fi\, contribute the log part in Tj . 

Let Si be the left hand side of (^) considered for arbitrary i. Let us 
multiply it by and take a sum over < i < 2n — 1. Since Sj = for 

any 0<i<n — Iwe have X^^"o ^ ^iC?)^^ ~ ^"^(^) ^or some polynomial A{t) 
in t whose coefficients are Q- linear combinations of Xj's. Using the identity 



2n — i\ / 2n\ / 2n\ f p 
p-i )\i ) \p 



(35) 



we have 

2n-l n-1 



*"-(«)-EE(,;:r:.)(T)v* 



j=0 \ ' ^ 1=0 ^ ^ j=0 ^ ^ 

Replacing i by t - 1 we get YTjZl Xj{^]l^t^^+^ = {t - l)''A{t - 1). The 
left hand side is an odd polynomial of degree 2n — 1; it has a zero of order 
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n at t = 1; therefore it must have a zero of order n at t = — 1, so its degree 
is at least 2n. Thus it is a zero polynomial. 

(II) Denote the left side of ( [3^ ) by yj. Taking the real part of equation 
( |33|) and alternating we get 

Eff l')(-ir-^y.=0, 0<i<n-l. (36) 

By definition it is clear that = (2n)!. Multiplying (|3|) by (^f)f and 
taking sum over < i < 2n we have 

E E (-i)"-'w(2;";)('r)*-=*"Bw 

i=0j>li/2\ ^ / V / 

for some polynomial B{t). Using combinatorial identity (|3^ ) we write it as 

Changing t to t — 1 and noticing that the left hand side is an even polynomial 
we get 



(t- l)"B(t- 1) = (t^ - l)"C(t). 



Therefore C(t) = y„ is a constant. Thus we finally have yj/yn = &i,n/ (2n)! = 
(j) /(2j) (0 — i — The lemma is proved. □ 

Recall that the Grassmannian n-logarithm is defined by 

/:G(/o,...,/2n-l) = (2^0'"" / r-2„_l(/l,...,/2„-l) 

where fi = li/lo. 

Proposition 6.2. T/ie Grassmannian n-logarithm C^{lo, ■ ■ ■ ,l2n-i) can be 
expressed by 



nn — l 



(-2^i)i-",, 

^Alt2„_i / Re<; 

[In — Ij! 

(-4)"-i((n-l)!)2 



n 271—1 

log|/i| /\dlog(/,) /\ 

J=2 j=n+l 



or 

2n-l 



(27r?)"'i(2n-2)! 

(-4)"-i((n-l)!)2 



(27ri)"-i(2n- 2)!(2n - 1)! 



^logl/il /\ dlogl/,- 
i=2 

„ 2n-2 I 

/ log|/o| A dlog\lj\\. (37) 
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Proof. The first expression follows directly from Corollary Now we 

prove the second. By definition (|6|) 

n-l 

r-2n-l(/l, • • • , /2n-l) = " J](-l)"-'-'cfc,2n-l 

k=0 

2k+l 2n-l 

Alt2n-i{log|/i| /\ dlog|/,| /\ darg/,} (38) 

j=2 j=2k+2 

where Ck,2n-i = (2fc+i)/(^"' ~ ^V-- let us look at the terms in the 

expansion of ( |38|) which correspond to the term 

log|/i|dlog|/2| A--- A(ilog|/2„-i|. (39) 

By Lemma |6.l| (II) , each term inside the sum of (]38| ) with log \fi\ as the first 
factor contributes to (|39|) as many as Ck^2n-ibk,n-i times. So the 

total contribution to (^^ from (|3^ ) is 



fc=0 k=0 ^ ^ 

= - f\t^ - IT-- dt = f-irimiL = (_,.. 2^"-^((n-l)!)^ 
Jo ^ ^ ^ ' 2.r(n+i) ^ (2n-l)! ' 

Therefore 

>C^(^0, • • • , hn-l) = (2^i)l-" / r2„„l(/l, • • • , /2„-l) 

where cjh =id and for i ^ 1 

0'liF{fi, . . . , /2n-l) = —F{fi, /2, • • • , /l, • • • , /2n-2)- 

Now we observe that for any 2 < i < 2n — 1 we have 

/2n-l / „ 2n-l 

logl/il A dlog\fj\-au / logl/il A dlog|/,| 
JP"-i WCP"-i j^2 

= (-!)* / d(log|/i|log|/,|)Adlog|/2|A---dfo^,|---Adlog|/2„-2| =0. 



Therefore 

2n-l / „ 2n-l \ „ 2n-l 

V aiJ / logl/il A dlog|/,| = (2n-l) / log|/i| A dlogl 



24 



which together with equation (|4[lD yields the second equahty. To prove the 
last equality in our proposition it suffices to observe that 



(2n-l)! / log|/i| A dlog|/,| =Alt2„-i / logl/il A dlog|/,| 

„ 2n-2 
= -Alt2n / log|/o| A dlog\lj\. 

□ 

Remark 6.3. This result improves Proposition 3.2 of fGl. 
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